In this paper, we study non integrable distributions in a Riemannian manifold with a semi-symmetric metric connection, a semi-symmetric non-metric connection and a statistical connection. We obtain the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to the semi-symmetric metric connection, the semi-symmetric non-metric connection and the statistical connection. As applications, we obtain Chen's inequalities for non integrable distributions of real space forms endowed with a semi-symmetric metric connection and a semi-symmetric non-metric connection. We give some examples of non integrable distributions in a Riemannian manifold with affine connections. We find some new examples of Einstein distributions and distributions with constant scalar curvature.
Introduction
H. A. Hayden introduced the notion of a semi-symmetric metric connection on a Riemannian manifold [7] . K. Yano studied a Riemannian manifold endowed with a semisymmetric metric connection [18] . Some properties of a Riemannian manifold and a hypersurface of a Riemannian manifold with a semi-symmetric metric connection were studied by T. Imai [8, 9] . Z. Nakao [12] studied submanifolds of a Riemannian manifold with semi-symmetric metric connections. N. S. Agashe and M. R. Chafle introduced the notion of a semisymmetric non-metric connection and studied some of its properties and submanifolds of a Riemannian manifold with a semi-symmetric non-metric connection [1, 2] . In [15] , Vos studied submanifolds of statistical manifolds and got the the Gauss, Codazzi, and Ricci equations for statistical submanifolds. In [11] , the author considered non integrable distributions in a Riemannian manifold. The second fundamental form was defined and the Gauss equation for non integrable distributions was established. In this paper, We establish Gauss formulas and Weingarten formulas and obtain the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a semisymmetric metric connection, a semi-symmetric non-metric connection and a statistical connection.
On the other hand, one of the basic problems in submanifold theory is to find simple relationships between the extrinsic and intrinsic invariants of a submanifold. B. Y. Chen [3, 4, 5] established inequalities in this respect, called Chen inequalities. Afterwards, many geometers studied similar problems for different submanifolds in various ambient spaces. In [10, 13] , Mihai andÖzgür studied Chen inequalities for submanifolds of real space forms with a semi-symmetric metric connection and a semi-symmetric non-metric connection, respectively. In this paper, we obtain Chen's inequalities for non integrable distributions of real space forms endowed with a semi-symmetric metric connection and a semi-symmetric non-metric connection.
It is a interesting problem to find Einstein manifolds and manifolds with constant scalar curvature. In [6] , using warped product spaces, Dobarro and Unal found Einstein manifolds and manifolds with constant scalar curvature. In [14, 16, 17] , authors found Einstein manifolds and manifolds with constant scalar curvature with a semi-symmetric metric connection and a semi-symmetric non-metric connection. In this paper, we define Einstein distributions and distributions with constant scalar curvature. We define warped product distributions on R × S 3 and R × H 3 where S 3 and H 3 are the 3-dimensional sphere and the 3-dimensional Heisenberg group respectively. We find some new examples of Einstein distributions and distributions with constant scalar curvature.
In Section 2, we establish the Gauss formula and the Weingarten formula and obtain the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a semi-symmetric metric connection. In this case, the Chen inequality is proved. In Section 3, we establish the Gauss formula and the Weingarten formula and obtain the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a semi-symmetric non-metric connection. We also prove the Chen inequality in this case. In Section 4, we establish the Gauss formula and the Weingarten formula and obtain the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a statistical connection. In Section 5, We give some examples of non integrable distributions in a Riemannian manifold with affine connections. We find some new examples of Einstein distributions and distributions with constant scalar curvature.
Non integrable distributions with a semi-symmetric metric connection
Let (M, g) be a smooth Riemannian manifold, dimM = m, and ∇ be the Levi-Civita connection associated to the Riemannian metric g. We denote Γ(M) the C ∞ (M)-module of vector fields on M and by ∇ X Y the covariant derivative of Y with respect to X if X, Y ∈ Γ(M). Let D ⊆ T M be a non integrable distribution; that is, a subbundle of the tangent bundle T M with constant rank n and there exist X, Y ∈ Γ(D) such that [X, Y ] is not in Γ(D) where Γ(D) is the space of sections of D. The distribution D inherits a metric tensor field g D from the original g in M. Let D ⊥ ⊆ T M is the orthogonal distribution to D which inherits a metric tensor field g D ⊥ from the g and then g = g D ⊕ g D ⊥ . Let
. By [11] , we have for X, Y ∈ Γ(D) and f ∈ C ∞ (M)
Let U ∈ Γ(T M) be a vector field and ω be a 1-form defined by ω(V ) = g(U, V ) for any V ∈ Γ(T M). We define the semi-symmetric metric connection on M
We call the B(X, Y ) as the second fundamental form with respect to the semi-symmetric metric connection. By (2.3)-(2.5), we have Let {E 1 , · · · , E n } be the orthonormal basis on D. We define the mean curvature vector associated to ∇ on D by H = 1
If H = 0, we say that D is minimal with respect to the semi-symmetric metric connection ∇. We say that D is totally geodesic with respect to the semi-symmetric metric connection ∇ if B(X, Y ) + B(Y, X) = 0 . If h = Hg D (resp. h = Hg D ), we say that D is umbilical with respect to ∇ (resp. ∇). By (2.6), we have Proposition 2.3. D is umbilical with respect to ∇ if and only if D is umbilical with respect to ∇.
Let ξ ∈ Γ(D ⊥ ) and X ∈ Γ(D), then by (2.4), we have
Let A ξ : Γ(D) → Γ(D) be the shape operator with respect to ∇ defined by
. 
which we called the Weingarten formula with respect to ∇. Given X 1 , X 2 , X 3 ∈ Γ(T M), the curvature tensor R with respect to ∇ is defined by
Given X 1 , X 2 , X 3 ∈ Γ(D), the curvature tensor R D on D with respect to ∇ D is defined by
In (2.13), R D is a tensor field by adding the extra term
Here Equation (2.15 ) is called the Gauss equation for D with respect to ∇.
Proof. From Equations (2.5) and (2.11), we have for X, Y, Z ∈ Γ(D) 
By (2.9) and (2.21), we get (2.15).
Corollary 2.5. If U = 0, then ω = 0 and ∇ = ∇, and we have
and (2.24), we get (2.23).
Proof. From (2.5) and (2.11), we have
From (2.27)-(2.30), we get (2.26). Corollary 2.9. If U = 0, then we have
Nextly, we prove the Chen inequality with respect to D and ∇. For
From [10] , we have
In M we can choose a local orthonormal frame E 1 , · · · , E n , E n+1 , · · · , E m , such that, E 1 , · · · , E n are orthonormal frames of D. We write λ = n j=1 α(E j , E j ) and
Let M be an m-dimensional real space form of constant sectional curvature c endowed with a semi-symmetric connection ∇. The curvature tensor R L with respect to the Levi-Civita connection on M is expressed by
By (2.32) and (2.33), we get
Let Π ⊂ D, be a 2-plane section. Denote by K D (Π) the sectional curvature of D with the induced connection ∇ D defined by
where E 1 , E 2 are orthonormal basis of Π and K D (Π) is independent of the choice of e 1 , e 2 . For any orthonormal basis {E 1 , · · · , E n } of D, the scalar curvature τ D with respect to D and ∇ D is defined by Let E 1 , E 2 be the orthonormal basis of Π ⊂ D and define
Then A D and Ω Π are independent of the choice of the orthonormal basis. For the distribution D of the real space form M endowed with a semi-symmetric metric connection, we establish the following inequality, which we called the Chen first inequality. 
(2.39)
Proof. Let {E 1 , · · · , E n } and {E n+1 , · · · , E m } be orthonormal basis of D and D ⊥ respectively. Let E 1 , E 2 be the orthonormal basis of Π ⊂ D. By (2.34), we obtain
By (2.40) and (2.41), we obtain
Similarly to (2.42), we have 
By Lemma 2.4 in [19] , we get
We note that
By (2.47)-(2.49), we get (2.39).
Corollary 2.11. If U ∈ Γ(D), then H = H. In this case, the inequality in Theorem 2.10 becomes Proof. The equality case of (2.49) holds if and only if h r ii = 0, for 1 ≤ i ≤ n, h r 12 = h r 21 = 0 and h r 1j = − h r j1 for 3 ≤ j ≤ n and h r kl = − h r lk for 2 ≤ k < l ≤ n. The equality case of (2.48) holds if and only if h r 11 + h r 22 = h r ii for 3 ≤ i ≤ n. So Corollary 2.12 holds.
For each unit vector field X ∈ Γ(D), we choose the orthonormal basis {E 1 , · · · , E n } of D such that E 1 = X. We define
Theorem 2.13. Let T M = D ⊕ D ⊥ , dimD = n ≥ 2, and let M be a manifold with constant sectional curvature c endowed with a connection ∇, then 
Non integrable distributions with a semi-symmetric non-metric connection
Let U ∈ Γ(T M) be a vector field and ω be a 1-form defined by ω(V ) = g(U, V ) for any V ∈ Γ(T M). We define the semi-symmetric non-metric connection on M
We call the B(X, Y ) the second fundamental form with respect to the semi-symmetric non-metric connection. By (3.1) and (3.2), we have
Similarly to the case D = T M, we have We may define the mean curvature vector and minimal distributions and totally geodesic distributions with respect to ∇. We have Proposition 3.2. D is minimal (resp. totally geodesic, umbilical) with respect to ∇ if and only if D is minimal (resp. totally geodesic, umbilical) with respect to ∇. 
Let (3.5)
We may define K D (Π), τ D similarly. For X, Y ∈ Γ(T M), we let
Let λ 1 = n j=1 α 1 (E j , E j ). From [13] , we have
Let M be an m-dimensional real space form of constant sectional curvature c endowed with a semi-symmetric connection ∇. By (2.33) and (3.9), we get
Theorem 3.4. Let T M = D⊕D ⊥ , dimD = n ≥ 3, and let M be a manifold with constant sectional curvature c endowed with a connection ∇, then
Proof. Let {E 1 , · · · , E n } and {E n+1 , · · · , E m } be orthonormal basis of D and D ⊥ respectively. Let E 1 , E 2 be the orthonormal basis of Π ⊂ D. By (3.10), we obtain
By (3.6), we have
Similarly, we have
So we obtain
Similarly to (3.15), we have
Then
(3.20)
By (2.48) and (2.49), we get (3.12).
Corollary 3.5. The equality case of (3.12) holds if and only if D is totally geodesic with respect to ∇ and h r 12 = h r 21 = 0. Theorem 3.6. Let T M = D⊕D ⊥ , dimD = n ≥ 2, and let M be a manifold with constant sectional curvature c endowed with a connection ∇, then
Proof. By (3.17), we have
By (2.54) and (2.55), we get (3.21).
Corollary 3.7. The equality case of (3.21) holds if and only if h r 1j = −h r j1 for 2 ≤ j ≤ n and h r 11 − h r 22 − · · · − h r nn = 0.
Non integrable distributions with a statistical connection
Let (M, g, ∇) denote a statistical manifold and (M, g, ∇ * ) denote a dual statistical manifold. Then
where A ξ , A * ξ are called shape operators on D with respect to ∇, ∇ * respectively. Then Proof. From Equations (4.2) and (4.5), we have for X, Y, Z ∈ Γ(D)
So we get
By (4.4) and (4.10), we get (4.6).
By (4.10), we have Theorem 4.2. Given X, Y, Z ∈ Γ(D), the following equality holds:
From (4.2), (4.4) and (4.5), we get 
Examples

Example 1
Consider the 3-dimensional unit sphere S 3 as a Riemannian manifold endowed with the metric induced from R 4 . The tangent space of S 3 at each point has an orthonormal basis given by the vector fields
Let ∇ be the Levi-Civita connection on S 3 . By (5.1) and the Koszul formula, we have
Consider the distribution D 1 = span{X 1 , X 2 }, which is not integrable by (5.1). The metric of D 1 is induced by the metric on S 3 . Let U = X 1 + X 3 . By (5.2), we have ∇ D 1 X i X j = 0, ∀i, j = 1, 2, B(X 1 , X 1 ) = B(X 2 , X 2 ) = 0, (5.3)
So D 1 is totally geodesic distribution with respect to ∇. By (2.6), we obtain
B(X 1 , X 1 ) = −X 3 , B(X 1 , X 2 ) = X 3 , B(X 2 , X 1 ) = −X 3 , B(X 2 , X 2 ) = −X 3 , H = −X 3 .
By (2.8) and (2.11), we have
A X 3 X 1 = X 2 , A X 3 X 2 = −X 1 , A X 3 X 1 = X 2 − X 1 ,(5.
6)
A X 3 X 2 = −X 1 − X 2 , L ⊥ X 1 X 3 = L ⊥ X 2 X 3 = 0. By (2.13),(2.35),(2.36) and (5.5), we have R D 1 (X 1 , X 2 )X 1 = −4X 2 , R D 1 (X 1 , X 2 )X 2 = 4X 1 , K D 1 (D 1 ) = 4, τ D 1 = 4. (5.7)
By (3.2), we have
B(X 1 , X 1 ) = 0, B(X 1 , X 2 ) = X 3 , B(X 2 , X 1 ) = −X 3 , B(X 2 , X 2 ) = 0, R D 1 (X 1 , X 2 )X 1 = −5X 2 , R D 1 (X 1 , X 2 )X 2 = 4X 1 .
We consider the distribution D 2 = span{X 1 , X 3 } and U = X 2 + X 3 , then similarly we get
Similarly, we obtain
Example 2
Let M = R × S 3 and D 1 = span{X 1 , X 2 } and T S 3 = D 1 ⊕ D 1,⊥ . Let f (t) ∈ C ∞ (R) without zero points. Let π 1 : R × S 3 → R; (t, x) → t and π 2 : R × S 3 → S 3 ; (t, x) → x. Let g M f = π * 1 dt 2 ⊕ f 2 π * 2 g D 1 ⊕ π * 2 g D 1,⊥ ; (5.12) D = π * 1 (T R) ⊕ π * 2 D 1 ; g D = π * 1 dt 2 ⊕ f 2 π * 2 g D 1 .
We call (D, g D ) the warped product distribution on M. Let ∇ f be the Levi-Civita connection on (M, g M f ) and ∂ t = ∂ ∂t and ∂ t (f ) = f ′ , then by the Koszul formula and (5.12), we get
and B(∂ t , ∂ t ) = B(X 1 , X 1 ) = B(X 2 , X 2 ) = B(X 1 , ∂ t ) = 0, (5.18) 
